
 1 

 

 

 

Structure and Homomorphism in Music 

by 

Drew Flieder 

 

 

 

 

 

 

 

 

 

 

 

 

Eastman School of Music 

Rochester, New York 

2020 

 

 



 2 

1. Introduction. 

The objective of this paper is to discuss how the mathematical notion of homomorphism 

may be used as a compositional/theoretical device to aid in the construction/analysis of 

musical systems. By ‘musical system’, I mean a collection of musical materials – e.g. pitches, 

rhythms, vectors consisting of musical parameters, instruments, etc. – which are subject to an 

organizational scheme, whether the latter be mathematical, intuitive, aleatoric, etc. According 

to this definition, any act of composition implies the existence of a musical system; however, 

in this paper I will be focusing on musical systems which are more naturally amenable to 

being modeled mathematically, since it will simplify the exposition of the ideas relating to 

homomorphism.  

The definition of homomorphism is straightforward: a homomorphism is a structure-

preserving mapping from one set to another. However, although the idea of homomorphism 

is not complicated, I hope to show that understanding whether two musical systems are 

homomorphic is not always a trivial task. Furthermore, since a musical system may be an 

agglomeration of subsystems, one musical system may not be globally homomorphic to 

another, although they may share homomorphic subsystems.   

There are three main sections of this paper. The first, titled Domain of Structuration, 

describes how structure is something that is applied to a collection of selected materials; i.e., 

structure is not given, but is produced when an abstract structure is applied to a concrete set 

of materials. In the second section, Homomorphic Contents, I give a formal definition of 

homomorphism, as well as provide examples of homomorphisms between different types of 

mathematical objects. Finally, the third section, Homomorphic Processes, describes the special 

case of homomorphism as it applies to processes, which are objects that act on other objects.  
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Before proceeding to the crux of the paper, I would like to provide a few motivations 

for the construction of homomorphic musical systems: 

a. It aids in the design of correspondences on micro to macro timescales.1 

b. As an experimental device, one can employ multiple homomorphic systems 

simultaneously and observe a high magnitude of variation that springs forth from 

structural invariance. 

c. It can be employed as an artificial means of engineering cohesion, creating music 

which contains many levels of informationally rich content.   

I believe that understanding the conditions for, and implications of, homomorphism can be 

useful to composers and artists from a diverse range of aesthetic interests.  

 

2. Domain of Structuration. 

2.01 

 To speak about the structure of a created thing is to speak of an object, or collection of 

objects, endowed with structure. In other words, such structure does not exist without an act of 

structuring. This is not to say, however, that one must be aware of, or operative during, the act 

of structuring. For example, consider the many years through which humans had been using 

real numbers, and the multitude of mathematical and scientific innovations which required 

their use. Many such innovations, I would surmise, were made by people who didn’t bother to 

ask themselves “What is the structure of the real numbers?” Nonetheless, they were able to 

manipulate the real numbers in such ways that produced other real numbers, by performing 

operations such as addition, subtraction, multiplication, and division. But acts of adding, 

                                                        
1 For a list of musical timescales, see Roads, Curtis. Composing Electronic Music. Oxford University Press, 2015. Pgs. 
49-50.  
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subtracting, multiplying, and dividing, such that another real number is produced after 

applying any sequence of these operations, implies a structure – namely, a mathematical field. 

Thus, although the first humans to perform operations with real numbers were likely not 

aware of the structure of fields, their use of real numbers implied a field structure, and thus 

was an act of structuring.2  

 Structuring proceeds in (at least) two phases: (1) the selection of objects, and (2) the 

composition of relationships between them. Certain restrictions are often imposed in phase 

(1). For example, a constraint on phase (1) may be that the objects selected must be from the 

same class, e.g. a pitch-class, timbre-class, a class of vectors of the form 𝑉 =

(onset, duration, pitch-class), etc. The benefit of selecting objects from a particular class is 

that it often means that the relationships between them can be more richly expressed. 

 

2.02 

 After the creation of a set of objects via selection, phase (2) is the act of structuring this 

set. A trivial case of structuring would be to impose a ‘do nothing’ operation on the set, leaving 

it unchanged. Some less trivial cases of structuring operations on a set are equivalence 

relations, well-orderings, imposing a group or other algebraic structure on the set, using the 

elements as vertices of a graph, etc. At this phase, a requirement is that one evaluates the set of 

materials selected, in order to observe the possible structures that can be imposed on it. 

Something to keep in mind is that the possible structures that can be imposed on a set may be 

                                                        
2 A similar case is when something is used for many years, without there being a rigorous formulation of what that thing 
is. Such was the case with the natural numbers, which philosophers such as Locke, Hume, Frege, and others sought to 
formulate. The difficulty of defining Number is demonstrated by Russell’s paradox, which was a reaction to Frege’s 
theory of Number, expounded in Foundations of Arithmetic. This paradox galvanized many mathematicians and 
philosophers to formalize the notion of Number, which eventually led to the modern-day, standard, ZFC interpretation. 
The axioms of ZFC, however, are still not accepted by all (such as intuitionists, for example), so there is still controversy 
around the question of what Number is. Nonetheless, the use of natural numbers is hardly hindered by the question of 
what the natural numbers are. 
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‘non-intuitive’. As an example, consider the dihedral group of order 6 𝐷5 and the set of 

arbitrary elements 𝑋 = {#, 27, aa,@, 𝐺#, !}. The structure of 𝐷5 can be imposed on 𝑋 by 

creating a bijective mapping 𝜑 ∶ 	𝐷5 → 𝑋 and stipulating a rule of composition of elements in 

𝑋, such that for all 𝑑, 𝑒 ∈ 𝐷5, 𝜑(𝑑 ∗ 𝑒) = 𝜑(𝑑) ∗ 𝜑(𝑒). In group theory, two groups can be 

shown to be isomorphic if they have the same Cayley table, and thus it can be verified by 

figure 1 that 𝐷5 and 𝑋 are isomorphic. Given the previous example, one can infer that any set 

(without additional structure) with a cardinality of 6 can be furnished with the structure of 𝐷5 

(or any other 6-element group, for that matter). Nonetheless, if the elements in some 6-

element set 𝑌 are not being treated as the elements in 𝐷5 are customarily treated – i.e., as 

permutations of an equilateral triangle – then it is less intuitive to impose the structure of 𝐷5 

on 𝑌 (though experimental applications of structure such as these may be unexpectedly 

interesting).  

 The previous point displaying the isomorphism between 𝐷5 and 𝑋 suggests that 

structuring a set of elements can be arbitrary. Although this is the case, certain sets are 

suggestive of particular structures. For example, it seems ‘obvious’ to consider the 12 equal-

tempered pitch-classes of the Western chromatic scale as being isomorphic to the additive 

group of integers modulo-12. The ‘obviousness’ of this isomorphism can be demonstrated 
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by how a chord, e.g. {𝐶, 𝐸, 𝐺}	(which maps to {0, 4, 7} in ℤMN), has a similar ‘harmonic flavor’ to 

{𝐷, 𝐹#, 𝐴} ({2, 6, 9}), even though they both consist of different pitch-classes. In fact, for those 

of us without perfect-pitch, the difference between {0, 4, 7} and {2, 6, 9} cannot even be 

identified without being given sufficient context. A less obvious isomorphism of ℤMN might be 

something like a random set 𝑁 of 12 objects. For instance, a mapping where {0, 4, 7} ⊂ ℤMN 

maps to {hat, apple, toothbrush} ⊂ 𝑁, and {2, 6, 9} ⊂ ℤMN  maps to {book, screwdriver,	 

compass} ⊂ 𝑁, seems less intuitive than the above mapping with pitch-classes.3  

 Another point about the possible structures that can be imposed on a set is that a set 𝑋 

which is not compliant with a particular structure 𝑆 may become compliant with 𝑆 after 

another structure 𝑇 acts on 𝑋. In such a case, 𝑆(𝑇(𝑋)) would be a possible structure on 𝑋, 

whereas 𝑆(𝑋) would not be. If 𝑋 is the set 𝑋 = {𝑎, 𝑏, 𝑐, 0, 2, 4}, and 𝑆 is the structure of the 

additive group of integers modulo-4, then 𝑆 is not applicable to 𝑋, since the former requires a 

four-element set, and 𝑋 has six. However, if 𝑇 is an equivalence relation on 𝑋, such that  

𝑇(𝑋) = _{𝑎, 𝑏}, {𝑐, 4}, {0}, {2}` = {𝐴, 𝐵, 𝐶, 𝐷}, 

then 𝑇(𝑋) would comply with the structure 𝑆, since 𝑇(𝑋) contains four elements. This last 

demonstration hints at an important point about the application of structure: namely, that 

composition of structure is non-commutative. That is, if 𝑃 and 𝑄 are structuring functions, 

then it cannot be guaranteed that 𝑃 ∘ 𝑄 = 𝑄 ∘ 𝑃, where ‘∘’ denotes ‘structure composition’.  

 Although some sets may become compliant with certain structures via the application 

of intermediate structures, such circumstances are not always possible. For example, if a set 𝐴 

of cardinality |𝐴| is to be acted on by a structure Σ, and Σ requires a set with a cardinality 𝑏 >

                                                        
3 I will not go in depth with regards to why it seems less intuitive. There are many possible reasons, including physics, 
biology, history, etc.   
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|𝐴|, then there is no intermediate structure that can be imposed on 𝐴 such that the result 

complies with Σ. (There are some apparent counterexamples to this argument. For example, 

“we have ways of taking instances of (047) into (047𝐴) ‘equivalents’ by ‘adding the seventh’ 

in a systematic way’.”4 However, in this paper I find it beneficial to restrict the definition of 

‘structuring’ so that it applies to operations which add no additional information to sets, even 

if that addition is determined systematically.) Therefore, although the application of structure 

can be more or less arbitrary, it is not totally arbitrary, since it is contingent upon certain 

properties of the set to which it is applied. 

 The above case of recursive structure-application, like the case of applying a single 

structure, can be more or less arbitrary. The example above was rather arbitrary, since the 

equivalence relation 𝑇 partitioned 𝑋 in such a way that it would be difficult to define 𝑇 

without having to list one-by-one the elements which it classed together. A less arbitrary 

equivalence relation 𝑅 would be a relation which places elements in the same class if they 

return the same integer 𝑞 mod-n after being multiplied by an integer 𝑘. A block 𝐴 in a 

partition of a set 𝑌 by the relation 𝑅 would thus be defined as  

𝐴 = {𝑎	|	𝑎𝑘	mod-n = 𝑞}, 

and the entire partition 𝑅(𝑌) would be defined as  

𝑅(𝑌) = {𝐴k∈l	|	𝐴k = {𝑎	|	𝑎𝑘	mod-n = 𝑞}}, 

where 𝑄 is the set of all integers that can be generated by multiplying every element 𝑎 ∈ 𝐴 by 

𝑘 and taking the result mod-n. Thus, 𝑅 can be interpreted as a simple rule which ‘naturally’ 

                                                        
4 Matthew Barber informed me of this point in a personal correspondence. 
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generates the entire partition of 𝑌. As an example, consider the set 𝑀 of integers from 0 to 11,5 

and the function 𝐹, where 𝐹(𝑥) = 2𝑥	mod-6. 𝐹(𝑀) partitions 𝑀 so that  

𝐹(𝑀) = {{0, 6}, {1, 7}, {2, 8}, {3, 9}, {4, 10}, {5, 11}}. 

This partition strongly suggests the set of integers modulo-6, and the latter, in turn, strongly 

suggests an additive group structure 𝐺. Thus, ‘𝑀 to 𝐹(𝑀) to 𝐺(𝐹(𝑀))’ appears as a ‘natural’ 

evolution of structure, whereas the previous example of ‘𝑋 to 𝑇(𝑋) to 𝑆(𝑇(𝑋))’ seems more 

ham-fisted.   

 In general, when one is imposing structure on a set of selected materials, there are 

some basic parameters to consider: 

1) Possible structures. What are the potential structures that can be imposed on the set 

of materials? Does the set naturally suggest particular structures, e.g. a group, a 

metric space, a well-ordering, etc.?  

2) Information content after structure is imposed. The notion of ‘information content’ is 

related to the cardinality of a set. A set with a cardinality of 𝑎 can be thought of as 

containing more information than a set with a cardinality of 𝑏 if 𝑎 > 𝑏.6 

3) Richness of structure. How ‘complex’ would one like the desired structure to be? For 

example, a set without additional structure lacks complexity, since it is defined 

solely in terms of its elements, whereas a group is more complex, since it satisfies a 

                                                        
5 This set could very well be called ℤMN, but I avoided referring to it as ℤMN in order to avoid the implications of group 
structure.  
6 To see why, consider a coin, represented by the set {heads, tails}, and a die, represented by the set {1, 2, 3, 4, 5, 6}. In 
both a coin-toss and a dice-throw, each of the elements in their corresponding sets is equally probable of being 
generated. The result of a coin-toss, however, has only two possible states, whereas a dice-throw has six, which implies 
that the outcome of a coin-toss is easier to predict than the outcome of a dice-throw. Thus, the signal of the dice-throw 
has more ‘suprisal’, i.e., information. This idea expresses the notion of information entropy, also known as Shannon 
Entropy, and is defined as 𝐻 = −∑ 𝑝wx

wyM log 𝑝w, where 𝑝w is the probability of a particular outcome (Pierce, 1980).  
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more rigid set of axioms than that of a set. Furthermore, a ring is more complex 

than a group, while a field is more complex than a ring, and so on.  

Figure 2 displays a series of selective and structuring operations. Above each object in the 

sequence is displayed its ordinal complexity, which is a crude measure of its richness of 

structure; labeled below is the cardinality of each object, which refers to the latter’s 

information  

 

 

content. Note the sequence of objects that occurs starting on the fourth object ℤMN in the 

sequence. The structuring function 𝑆{ ∶ ℤMN → (ℤMN,+, .×) maps the set of integers modulo-12 

onto the same set, but endows it with a ring structure by adding the binary operations of 
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addition and multiplication, which, in effect, transforms the ordinal complexity from 1 to 3. 

Next, the function 𝑆� ∶ (ℤMN, +, .×) → (ℤMN, +) maps the ring (ℤMN,+, .×) to the group (ℤMN, +). 

The action of 𝑆� can be thought of as ‘forgetting’ the binary operation of multiplication in the 

ring (ℤMN, +, .×), which results in a group structure. Hence, the effect of 𝑆� is a diminution in 

richness of structure, resulting in a decrease in ordinal complexity, from 3 to 2. Like 𝑆�,  

𝑆� ∶ 	 (ℤMN,+) → ℤMN is a mapping which ‘forgets’ the binary operation of addition on the 

group (ℤMN,+), returning the ‘mere set’ ℤMN; again, this action is accompanied by a reduction 

in ordinal complexity, from 2 to 1. Note that ℤMN occurred earlier in the sequence of 

transformations. This occurrence suggests the notion of an identity morphism, which is a 

morphism that, when applied to an object, leaves it unchanged. In the case above, 

𝑆�𝑆�𝑆{(ℤMN) = ℤMN, and thus 𝑆� ∘ 𝑆� ∘ 𝑆{ = idℤ�� ; therefore idℤ��(ℤMN) = ℤMN. The last 

structuring function 𝑆5 ∶ 	 ℤMN → ℤM is an equivalence relation which changes the cardinality 

from 12 to 1, and thus effects a reduction of information content. Since ℤMN and ℤM are here 

both defined as sets without additional structure, they have the same ordinal complexity, viz., 

1. Notice that information content and ordinal complexity vary independently, so that 

structuration with regards to complexity may be determined independently of structuration 

with regards to information content, and vice versa.  

 

 

 

2.03 

 A final note on the topic of structuration is that to structure a stipulated set of objects 

requires a base level of structure. What I mean by this is that to select a set of objects requires 
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that those objects exist, and the existence of an object entails an equivalence class which 

‘subsumes’ that object. For instance, consider the object ‘A at 440 hz’. This is an object which 

stands for a diverse class of other objects, such as a sinusoidal wave vibrating at 440 hz, a 

violin playing an A above middle C, a partial at 440 hz of a complex waveform, etc. 

Furthermore, the object ‘A at 440 hz’ classifies objects which exist at different points in time. A 

sinusoidal wave playing ‘A at 440 hz’ satisfies the criterion for being ‘A at 440 hz’ whether it 

occurs at time t0, t1, or any other time. Therefore, if one were to specify ‘A at 440 hz’ as some 

object in the set which he wishes to structure, then that selection would itself be predicated on 

a previous act of structuring. Thus one could, in principle, proceed downward indefinitely, 

stripping away levels of structure in order to bring the de-structured materials ‘back up’ via 

novel restructurings. Such a process was suggested by Heraclitus: 

What was scattered 
gathers.   
What was gathered 
blows apart.7 

 

3. Homomorphic Contents. 

3.01 

 As stated in the introduction, a homomorphism is a mapping 𝐹 between two 

mathematical objects 𝑋 and 𝑌 which preserves structure. If 𝐹 ∶ 𝑋 → 𝑌 is a mapping in which 

the entirety of the structure of 𝑋 is preserved in 𝑌, and there is an inverse function 𝐹�M ∶ 𝑌 →

𝑋 such that the entirety of the structure of 𝑌 is preserved in 𝑋, then 𝐹 is a special case of 

homomorphism, called isomorphism. If 𝐹 is an isomorphism, then it is necessarily a bijection as 

well. The conditions under which two objects are isomorphic is contingent upon the type of 

                                                        
7 Heraclitus. Fragments, trans. Brooks Haxton. Penguin Books, 2003. Pg. 27, fragment 40.  
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objects which they are being compared as. For example, in set theory, two sets are isomorphic 

if and only if they have the same cardinality.8 Thus two sets 𝐴 and 𝐵 are isomorphic as sets if 

and only if there is a bijection between them. Compare this to the conditions under which two 

groups are isomorphic. For a group 𝐺 to be isomorphic to a group 𝐻 requires that there is a 

map 𝜑 ∶ 𝐺 → 𝐻 such that 𝜑 is a bijection, and 𝜑(𝑥 ∗ 𝑦) = 𝜑(𝑥) ∘ 𝜑(𝑦), for all 𝑥, 𝑦	 ∈ 𝐺, where 

‘∗’ and ‘∘’ are the binary operations for 𝐺 and 𝐻, respectively. It is apparent that the conditions 

under which two groups are isomorphic are more rigid than those for sets. However, two 

groups can be transformed into sets lacking additional structure under a function 𝑓 which 

‘forgets’ their group structure, returning solely sets. In such a case, if 𝜓 ∶ 𝐺 → 𝐻 is a mapping 

which is not an isomorphism but is a bijection, then 𝜓 ∶ 𝑓(𝐺) → 𝑓(𝐻) is an isomorphism. 

Other examples like this exist, such as rings 𝑅 and 𝑆 which are not homomorphic as rings but 

are homomorphic as groups, and other similar cases.  

 In the latter example, two objects which were not homomorphic in one domain were 

made homomorphic in another by reducing the structural requirements of the first domain to 

the structural requirements of the second; in other words, richness of structure was sacrificed 

in order for two objects to satisfy the conditions of homomorphism. The opposite case, in 

which another level of structure is added in order to force a homomorphism, is also possible.  

An example may be demonstrated with the additive group (ℤ{, +) of integers modulo-3 and 

the semigroup 𝑆 = {𝑥, 𝑦, 𝑧}. The operation ‘∗’ on 𝑆 is defined by the table in figure 3; the table 

for (ℤ{, +) is also provided. 

                                                        
8 Note that this example of isomorphism between sets is rather trivial, since an isomorphism is a structure-preserving 
mapping, and sets are basically structureless. Nonetheless, it still qualifies as an isomorphism, since the non-existent 
structure is trivially preserved from one set to the other.  
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As is apparent by their Cayley tables, (ℤ{, +) and 𝑆 have distinct structure. But if the elements 

in each of these sets were used as, for example, vertices in a graph, and the arrows of each 

graph were determined arbitrarily, then a graph Grph(𝑆) with vertices 𝑠 ∈ 𝑆 can be made 

homomorphic to the graph Grph(ℤ{) with vertices 𝑎 ∈ (ℤ{, +). Figure 4 below shows the 

graphs Grph(𝑆) and Grph(ℤ{), which are isomorphic. 

 

 Although it may appear as though imposing a graph structure on the elements of 𝑆 and 

(ℤ{, +) is an action which ‘rewrites’ the structure that each had originally – akin to the 

example above in which random objects are assigned to the elements of the 𝐷5 – there are still 

meaningful ways in which the original structures of 𝑆 and (ℤ{, +) can be preserved. For 

instance, consider the function 𝛿 ∶ 𝑋 × Grph(𝑋) → Grph�(𝑋), where 𝑋 is a set equipped with a 

binary operation such as 𝑆 or (ℤ{, +) above, and Grph(𝑋) is a graph with vertices 𝑥 ∈ 𝑋. What 
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𝛿 does is defines an action in which any 𝑥 ∈ 𝑋 can act on the vertices of Grph(𝑋) under the 

binary operation defined on 𝑋, in effect generating a new graph Grph�(𝑋) which is isomorphic 

to Grph(𝑋), but with the values of its vertices transformed. To see a concrete example, let 

Grph(ℤ{) = (𝑉, 𝐸), where 𝑉 = {0, 1, 2} is the set of vertices and 𝐸 = _{0, 1}, {1, 1}, {1, 2}` is 

the set of edges. Then for 1 ∈ (ℤ{, +),  

𝛿(1, Grph(ℤ{)) = Grph′(ℤ{) 

= (𝑉�, 𝐸�) 

= ({0 + 1, 1 + 1, 2 + 1} mod-3, {{0 + 1, 1 + 1}, {1 + 1, 1 + 1}, {1 + 1, 2 + 1}} mod-3) 

= ({1, 2, 0}, {{1, 2}, {2, 2}, {2, 0}}). 

Letting Grphs((ℤ{,+), Grph(ℤ{)) denote the equivalence class consisting of Grph(ℤ{) and all 

other graphs produced by (ℤ{,+)’s action on the vertices of Grph(ℤ{), then the ‘structure’ of 

Grphs((ℤ{,+), Grph(ℤ{)) appears to be the same as the structure of (ℤ{, +). Likewise, the 

structure of Grphs(𝑆, Grph(𝑆)) appears to be the same as the structure of 𝑆. Figure 5 below 

displays this feature in a Cayley table format, while figure 6 shows diagrams of the set of 

graphs in Grphs((ℤ{, +), Grph(ℤ{)) and Grphs(𝑆, Grph(𝑆)). Note that every graph in 

Grphs(𝑆, Grph(𝑆)) is isomorphic to every graph in Grphs((ℤ{,+), Grph(ℤ{)), while 

nonetheless the semigroup structure of 𝑆 is manifested in the particular graphs of 

Grphs(𝑆, Grph(𝑆)), as is the group structure of (ℤ{,+) in Grphs((ℤ{,+), Grph(ℤ{)). What 

this implies is that there are two simultaneous levels of structure present: the semigroup and 

group structure of 𝑆 and (ℤ{, +), respectively, as well as the graph structures that they 

‘inhabit’. This notion of ‘multi-level structure’ will reappear throughout this paper, but for 

now we will move on to different topics of discussion. 
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3.02 

 When comparing objects 𝐴 and 𝐵, in which 𝐵 is a homomorphism of 𝐴, the question 

arises of how much information in 𝐴 is preserved in 𝐵. In the case of isomorphism, the 

question has a simple answer: all information contained in 𝐴 is preserved in 𝐵 and vice versa. 

But many homomorphisms preserve only partial information. Thus, the set Hom(𝐴) of all  

homomorphisms of 𝐴 may be ordered on a spectrum of low to high with regards to degree of 

information-preservation. On the high end of the spectrum, two objects 𝐴 and 𝐵 which are  

isomorphic may be qualified as ‘maximally correlated’, insofar as every element in 𝐴 connects 

to one and only one element in 𝐵 and vice versa. On the opposite side of the spectrum, where 

𝐵 contains a single element and 𝐴 contains more than one, 𝐴 and 𝐵 can be called ‘minimally 

correlated’, since every element in 𝐴 connects to the same element in 𝐵 and 𝐵 consists of only 

that element.  

Now, in the most basic case of information comparison between 𝐴 and 𝐵, in which 

elements are being selected from 𝐴 and 𝐵 at random, the information entropy (as defined by 

Shannon) of the sequence generated by 𝐴 and that generated by 𝐵 can be compared 

straightforwardly: 

−|𝐴| �
1

1/|𝐴| log�
1

1/|𝐴|� 	≥ −|𝐵| �
1

1/|𝐵| log�
1

1/|𝐵|� 

i.e., 

𝐻(𝐴) 	≥ 𝐻(𝐵), 

where 𝐻 is the measure of information entropy. (Note that the standard summation used to 

calculate Shannon entropy has been replaced by multipliers |𝐴| and |𝐵|, since the likelihood 
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of any element being selected from 𝐴 and 𝐵 is equiprobable.) However, to conclude that this 

comparison of information accounts for the entirety of the informational relationships 

between 𝐴 and 𝐵 would be shortsighted, for not every generative sequence of 𝐴 need be a 

random sequence. A generative sequence of 𝐴 may, for example, be quasi-stochastic, such that 

it has non-zero 𝐻, while its image in 𝐵 has 𝐻 = 0.  

To demonstrate an example with two objects which are homomorphic, I will first 

introduce the notion of a quotient group: 

Definition: A quotient group 𝐺/𝑁 of a group 𝐺 is an equivalence relation on 𝐺 in which 

part of the group structure of 𝐺 is preserved in 𝐺/𝑁. 

In the definition, 𝑁 is a normal subgroup of 𝐺, and 𝐺/𝑁 is equal to the set of left cosets of 𝑁; 

that is,  

𝐺/𝑁 = {𝑔𝑁: 𝑔 ∈ 𝐺}. 9 

As an example, let 𝐺 = (ℤ�,+) denote the additive group of integers modulo-8, and let 𝑁 =

{0, 2, 4, 6}. Then 𝐺/𝑁 = {{0, 2, 4, 6}, {1, 3, 5, 7}} is a quotient group. What is significant about 

a quotient group is that it is always isomorphic to a homomorphism of the original group. In 

the previous example, 𝐺/𝑁 is isomorphic to (ℤN, +), where the isomorphism 𝐼 ∶ 	𝐺/𝑁 →

(ℤN, +) is defined as follows: 

𝐼({0, 2, 4, 6}) = 0 

𝐼({1, 3, 5, 7}) = 1. 

(For the mapping 𝐼 the sets {0, 2, 4, 6} and {1, 3, 5, 7} are called the fibers of 𝐼.)  

 Now, let 𝑄 = (ℤN, +). To see how the information content of 𝐺 and 𝑄 compare under 

the influence of a stochastic sequence generator, I will define StGEN� ∶ 𝐺 → SEQ as a function 

                                                        
9 Dummit and Foote, Abstract Algebra Ch. 3.  
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which generates a sequence of length 𝑘 by selecting one element at random from {0, 2, 4, 6}, 

then one element at random from {1, 3, 5, 7}, and repeating this process until a sequence of 𝑘 

elements is generated. Since the switching back and forth between selections from {0, 2, 4, 6} 

and {1, 3, 5, 7} is deterministic, the only feature of the sequence which is meaningful to gauge 

for information is the random selections. Thus, the information entropy of StGen�(𝐺) is 

𝐻�StGen�(𝐺)� = −4(0.25 ∙ logN(0.25)) 

= 	2. 

In comparison, the image of one of these sequences under the homomorphism 𝛾 ∶ 𝐺 → 𝑄 

would be a deterministic sequence, since the selection from either {0, 2, 4, 6} and {1, 3, 5, 7} is 

deterministic, and each of these sets maps to a unique element in 𝑄. Since 𝛾(StGen�(𝐺)) is a 

completely predictable sequence of 𝑄, the former carries no information, and thus 

𝐻(𝛾�StGen�(𝐺)� = 0.  

 However, there may be other such stochastic sequence generators of 𝐺 which have the 

same information entropy as StGen�(𝐺), but whose map in 𝛾�StGen�(𝐺)� has a value of 𝐻 >

0. Such would be the case if the sets from which elements were being selected at random were, 

e.g., {0, 1, 3, 7} and {2, 4, 5, 6}. Let StGen�� ∶ 𝐺 → SEQ be defined analogously to  

StGEN� ∶ 𝐺 → SEQ above, but with periodic selections from {0, 1, 3, 7} and {2, 4, 5, 6}, rather 

than {0, 2, 4, 6} and {1, 3, 5, 7}. Since 𝛾(0) = 0, while 𝛾(1) = 1, 𝛾(3) = 1, and 𝛾(7) = 1, there 

is a 25% likelihood that a selection from {0, 1, 3, 7} will map to 0, and a 75% chance that it will 

map to 1. Likewise, there is a 25% chance that a selection from {2, 4, 5, 6} will map to 1, and a 

75% chance that it will map to 0. Again, since selection from either {0, 1, 3, 7} or {2, 4, 5, 6} is 

deterministic, and the information entropy of a randomly selected element from {0, 1, 3, 7} is 
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the same as that for {2, 4, 5, 6}, the information entropy of 𝛾(StGen�� (𝐺)) is determined by the 

following equation:  

𝐻(𝛾(StGen�� (𝐺))) = −¡𝑝wlogN𝑝w

N

wyM

 

= −(0.25 ∙ logN(0.25) + 	0.75 ∙ logN(0.75)) 

= 0.81 

Figure 7 displays a comparison between the action of StGen� and StGen�� . 

 

The latter example demonstrates the following: that an object 𝐴 whose information 

content remains invariant under the action of an ensemble of processes (𝐺 under the StGen� 

and StGen��  processes above) may reflect varying degrees of information content in a 

homomorphic object which partially mirrors 𝐴 (the sequences in 𝑄 which encode their 

preimage in 𝐺). What this shows is that for two homomorphic objects 𝐴 and 𝐵, their 

informational relationships are not exhausted by merely accounting for their difference in 

cardinality. Instead, their informational relationships are sundry, and there exists a spectrum 

of degrees to which information in one object is reflected in the other.   
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3.03 

The degree of homomorphism between two objects is determined at only one level; 

that is, the homomorphism 𝐹 ∶ 𝑋 → 𝑌 only says that the elements of 𝑋 map to the elements of 

𝑌 in such a way that the structure of 𝑋 is preserved in 𝑌. But if, for example, 𝑌 is a set 

containing elements which are equivalence classes denoting large collections of objects, while 

𝑋 contains elements which denote irreducible objects (i.e., not equivalence classes), then there 

is a way in which 𝑌 seems more ‘expansive’ than 𝑋, even if 𝑋 contains more content than 𝑌. 

Because of this, it seems appropriate to introduce three concepts that I will call level, depth, and 

expansion. 

Definitions:  

Level: A level n of a set 𝑆 is the set that results after taking the set-union of 𝑆 n 

times. Formally, this can be written as 

level¢(𝑆) = £¤𝑆w
wy¥

¦
¢

 

Example of Level: For 𝑆 = {{{𝑎, 𝑏}, {𝑐}}, {𝑑, 𝑒}, 𝑓, 𝑔}, then 

levelN(𝑆) 

= levelM�levelM(𝑆)� 

=	 levelM�_{𝑎, 𝑏}, {𝑐}, 𝑑, 𝑒`� 

= {𝑎, 𝑏, 𝑐}. 
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Depth: The depth of a set 𝑆 is the integer 𝑘 where level�(𝑆) = ∅ and 

level��M(𝑆) ≠ ∅. The depth of a set can therefore be thought of as the number 

of levels that 𝑆 has. 

Example of Depth: For 𝑆 = {{{𝑎, 𝑏}, {𝑐}}, {𝑑, 𝑒}, 𝑓, 𝑔}, 

levelN(𝑆) = {𝑎, 𝑏, 𝑐} 

level{(𝑆) = ∅. 

Therefore, depth(𝑆) = 3. 

Expansion: The expansion of a set is best demonstrated with an example. Let 

𝑆 = {_{𝑎, 𝑏}, {𝑐}`, {𝑑, 𝑒}, 𝑓, 𝑔} be a set where {{𝑎, 𝑏}, {𝑐}}, {𝑑, 𝑒}, 𝑓, and 𝑔 are its 

elements, so that its elements consist of a set of sets, a set, and two single 

elements which are not sets. The expansion of 𝑆 is the set which results after 

removing every inner bracket in 𝑆; i.e., expansion(𝑆) = {𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓, 𝑔}.10 

Figure 8 below helps to visualize the intuitive notions of level, depth, and expansion.  

                                                        
10 In computer science, this expansion function is called ‘flattening’. However, the term ‘expansion’ better fits the 
discussion that follows.  
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By introducing the concepts of depth and expansion, it can now be seen how an object 𝑌 

can be informationally poorer than its preimage 𝑋, while nonetheless be more expansive: for 

if |𝑋| > |𝑌|, |expansion(𝑌)| could still be greater than |expansion(𝑋)|. A necessary condition 

for such a circumstance is that depth(𝑌) be greater than 1, or else the problem automatically 

reduces to |expansion(𝑋)| > |expansion(Y)|. 

 The tree diagram in figure 8 shows that elements in a set may incorporate unique 

degrees of diversity. (In this context, by diversity I mean how many different things there are, 

rather than how qualitatively different they are.) The diversity of each element of a set would 

be determined by taking the cardinality of that element’s expansion set. For example, in 

figure 8, 𝑎M would have an expansion set with a cardinality of 2, whereas 𝑏M and 𝑐M would have 

expansion sets with cardinalities of 1 and 3, respectively. Furthermore, one can compare the 

expansion sets of elements in a set at any level, so that expansions¢(𝑆) denotes the collection 

of expansion sets of 𝑆 at level n. Again, to use figure 8 as an example, the expansion values of 

𝑆 at level 2 would be  
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expansionsN(𝑆) = {expansion(𝑎N), expansion(𝑎N� ), expansion(𝑐N), expansion(𝑐N� ) 

= {{𝑎N}, {𝑎N� }, {𝑐�, 𝑐�� }, {𝑐N� }} 

Taking the cardinalities of each set in expansionsN(𝑆) would return the multiset {1, 1, 2, 1}, 

which displays how much diversity each element at level n incorporates.  

 The depth and expansions of sets facilitates deeper comparisons between objects and 

their homomorphisms. In the following example, consider two groups 𝐺 and 𝐻 and let 𝜔 be a 

homomorphism from 𝐺 to 𝐻. Recall that the fibers of 𝜔 are the sets of elements in 𝐺 which 

map to single elements in 𝐻.11 Let 𝑋¬ denote the fiber of 𝜔 which maps to 𝑎 ∈ 𝐻 (which can be 

called ‘the fiber above 𝑎’). A meaningful comparison between the diversity of 𝐺 and 𝐻 would 

be to take the sum of the cardinalities of the expansion sets of elements in 𝑋¬ and compare 

this sum to the cardinality of the expansion set of 𝑎. Let FECSUM(𝑋¬) denote this sum; that is, 

FECSUM(𝑋¬) = ¡ |expansion(𝑥)|
±∈²³

 

Next, let EC(𝑎) = |expansion(𝑎)|. Given these two functions, the relative difference in 

diversity between 𝑋¬ and 𝑎 can be measured by the following function: 

DDIF¶·¸(𝑎, 𝑋¬) = 	FECSUM(𝑋¬) − EC(𝑎). 

Similarly, for a measure of the absolute difference in diversity between 𝑋¬	and	𝑎, we can 

define DDIF¹�º as  

DDIF¹�º(𝑎, 𝑋¬) = |FECSUM(𝑋¬) − EC(𝑎)| 

where the vertical lines surrounding ‘FECSUM(𝑋¬) − EC(𝑎)’ indicate ‘absolute value’ (rather 

than cardinality, as they have hitherto in this paper). The benefit of DDIF¶·¸ is that it provides 

information with regards to which object – 𝑎 or 𝑋¬	– incorporates more diversity. If the value 

                                                        
11 Dummit and Foote, Abstract Algebra, pg. 73. 
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of DDIF¶·¸(𝑎, 𝑋¬) is negative, then 𝑎 incorporates more diversity than 𝑋¬, whereas if 

DDIF¶·¸(𝑎, 𝑋¬) is positive, 𝑋¬ incorporates more diversity than 𝑎. 

 To demonstrate how the DDIF¶·¸ function facilitates a deep comparison between 

homomorphic objects, consider the groups ℤ� and ℤN under addition. Let 𝜔 ∶ 	ℤ� → ℤN be a 

homomorphism, such that 𝜔({0, 2}) = 0 and 𝜔({1, 3}) = 1. The diagrams in figure 9 below 

demonstrate two possible expansion sets of ℤ� and ℤN most intuitively. Thus, for example, an 

expansion set for 0 ∈ ℤ� is {0}, an expansion set for 1 ∈ ℤ� is {−7,−3, 1, 5, 9, 13}, and so on. 

 

Next, get the FECSUM values of the fibers of 𝜔 as well as the EC values of ℤN, and use these 

values as inputs to the DDIF¶·¸ function, producing the following: 

𝐅𝐄𝐂𝐒𝐔𝐌 

FECSUM({0, 	2}) = |expansion(0)| + |expansion(2)| = 1 + 1 = 2 

FECSUM({1, 	3}) = |expansion(1)| + |expansion(3)| = 6 + 3 = 9 

𝐄𝐂 

EC(0) = |expansion(0)| = 9 

EC(1) = |expansion(1)| = 3 

𝐃𝐃𝐈𝐅𝐫𝐞𝐥 

DDIF¶·¸(0, 	{0, 	2}) = 2 − 9 = −7 
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DDIF¶·¸(1, 	{1, 	3}) = 9 − 3 = 6 

Letting 𝑋Ç and 𝑋M denote the fiber above 0 ∈ ℤN and 1 ∈ ℤN, respectively, one can observe that 

𝑋Ç is less diverse than 0 ∈ ℤN by a value of 7, whereas 𝑋M is more diverse than 1 ∈ ℤN by a 

value of 6. Furthermore, according to how we defined ℤN and ℤ� in our example above, ℤN is 

more ‘expansive’ than ℤ�, even though |ℤ�| > |ℤN|. 

 The deeper analysis of mathematical objects facilitated by the DDIF¶·¸ function allows 

for the comparison – with regards to ‘expansiveness’ – of elements in one set (or subcollections 

of elements, e.g. fibers) with elements of another set, rather than the expansiveness of each 

object as a whole. Thus, the DDIF¶·¸ function enables one to thoroughly flesh out the 

differences in diversity between objects.  

 

3.04  

 As touched upon earlier, some musical systems have multiple levels of structure. 

Therefore, rather than two systems qualifying as either homomorphic or not homomorphic, 

they may have subcomponents which are homomorphic and others which are not. In the 

following paragraphs, three examples will be provided to demonstrate such possibilities of 

homomorphism between subcomponents of two systems. The first example consists of two 

systems which are homomorphic at a lower level but not a higher level. The second example 

is the opposite case, in which two systems are not homomorphic at a lower level but are at a 

higher level. Finally, the third case considers homomorphic subcomponents between two 

systems in which their levels of homomorphism do not correspond; for example, level-1 of 

system A is homomorphic to level-3 of system B, while level-2 of system B is homomorphic to 

level-3 of system A. 
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 For the first example, consider the group (ℤ{,+) defined as the set of integers modulo-

3 equipped with the binary operation of addition. This group is isomorphic to the subgroup 

𝐻 = {0, 2, 4} of (ℤ5,+). Now, let Grph(ℤ{) and Grph(𝐻)  be the graphs represented pictorially 

by figure 10 below. (These graphs are arbitrary, and do not reflect anything inherent to the  

 

groups.) In this example, the set of vertices of Grph(ℤ{) and Grph(𝐻) are isomorphic, while 

the graphs Grph(ℤ{) and Grph(𝐻) are not homomorphic. Therefore, at a lower level 

Grph(ℤ{) and Grph(𝐻) have isomorphic contents (sets of vertices), while at a higher level they 

are not homomorphic.  

 In the opposite case, consider again the group (ℤ{,+) and the subset 𝑆 = {0, 3, 5} of 

(ℤÈ, +). As groups, (ℤ{, +) and 𝑆 are not homomorphic, since 𝑆 is not even a group. Now, let 

Grph(ℤ{) and Grph(𝑆) be defined pictorially in figure 11. The relationship between Grph(ℤ{) 

and Grph(𝑆) is the inverse of the relationship between Grph(ℤ{) and Grph(𝐻) above, since 

the contents (vertices) of Grph(ℤ{) and Grph(𝑆) are not homomorphic, while their graphs are 

isomorphic.  
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 As a final example, two objects with three stipulated levels of structure will be 

compared. The first object 𝐴 consists of elements 𝑋, 𝑌, and 𝑍, along with a graph structure 

imposed on these elements. Furthermore, 𝑋, 𝑌, and 𝑍 are each subgroups of different groups, 

and are defined as follows, where ‘<’ denotes ‘is a subgroup of’: 

𝑋 = {0, 2, 4} < (ℤ5,+) 

𝑌 = {0, 3, 6} < (ℤË, +) 

𝑍 = {0, 5, 10} < (ℤM�,+). 

𝑋, 𝑌, and 𝑍 are all isomorphic to the group (ℤ{,+). Finally, the graph Grph({𝑋, 𝑌, 𝑍}) 

consisting of vertices 𝑋, 𝑌, and 𝑍 is represented in figure 12 below. So, the object 𝐴 

 

consists of three main levels of structure: (𝐿{) the group structures of 𝑋, 𝑌, and 𝑍, (𝐿N) the set of 

elements {𝑋, 𝑌, 𝑍}, and (𝐿M) the graph structure Grph({𝑋, 𝑌, 𝑍}). 

 The second object 𝐵 consists of elements 𝐶Ç, 𝐶M, and 𝐶N, also with a graph structure 

imposed on these elements. 𝐶Ç, 𝐶M, and 𝐶N are graphs, represented in figure 13. Note that,  

 

taken modulo-9 and under the binary operation of addition, the set {𝐶Ç, 𝐶M, 𝐶N} is isomorphic 

to (ℤ{, +). This is because the set of vertices of 𝐶Ç, 𝐶M, and 𝐶N are the cosets of the normal 
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subgroup {0, 3, 6}, and thus form a quotient group isomorphic to (ℤ{, +). The highest level of 

structure, Grph({𝐶Ç, 𝐶M, 𝐶N}), is a graph with vertices 𝐶Ç, 𝐶M, and 𝐶N, represented in figure 14.  

 

Thus, the three main levels of structure of 𝐵 are (𝐿{) the individual graph structures of 𝐶Ç, 𝐶M, 

and 𝐶N, (𝐿N) the group structure of {𝐶Ç, 𝐶M, 𝐶N}, and (𝐿M) Grph({𝐶Ç, 𝐶M, 𝐶N}). 

 Now, if one were to compare the corresponding levels of 𝐴 and 𝐵, he would find that 

no levels are homomorphic; that is,  

𝐿{(𝐴) ≇ÎÏÐ 𝐿{(𝐵) 

𝐿N(𝐴) ≇ÎÏÐ 𝐿N(𝐵) 

𝐿M(𝐴) ≇ÎÏÐ 𝐿M(𝐵) 

where ‘≇ÎÏÐ’ means ‘not homomorphic to’. However, non-corresponding levels of 𝐴 and 𝐵 

display homomorphic relationships. For example, recall that the structure(s) at 𝐿{(𝐴) is a 

group isomorphic to (ℤ{, +), and that the structure at 𝐿N(𝐵) is likewise isomorphic to (ℤ{,+). 

Thus, we can say that   

𝐿{(𝐴) ≅ 𝐿N(𝐵). 

As another instance of an isomorphism at a disparate level, observe the relationship between 

𝐿M(𝐴) and 𝐿{(𝐵). The structure at 𝐿M(𝐴) is the graph structure in figure 12, while the 

structure(s) at 𝐿{(𝐵) is similarly this same graph structure, so that we can say  

𝐿M(𝐴) ≅ 𝐿{(𝐵). 
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Therefore, even though no level of 𝐴 is homomorphic to its corresponding level in 𝐵, there are 

still homomorphic relationships between 𝐴 and 𝐵.  

 

4. Homomorphic Processes 

4.01 

 A subset of algebraic objects can be interpreted as processes. For example, isometry 

groups, transformation semigroups, and many other structures may be employed as objects 

which transform and manipulate other objects. Such objects endowed with the ability to 

transform other objects can be called P-objects, where ‘P’ denotes ‘process’. In contrast, 

objects without a specified ability to transform other objects can be called C-objects, ‘C’ 

denoting ‘content’. Although every P-object can be considered a C-object – since ‘process’ may 

be considered a subtype of ‘content’ –, in the following discussion C-objects will, unless 

otherwise noted, refer only to those objects which are not being interpreted as processes 

within the given context. A noteworthy point is that although P-objects have an added feature 

that C-objects do not have – i.e., the ability to act on other objects – the structures of P-objects 

are often, nonetheless, analyzable in the same way that the structures of C-objects are. For 

example, to analyze the structure of an isometry group (P-object), one can make a Cayley table 

which displays all the relationships between elements in the isometry group. Using the same 

method for the analysis of a group which is a C-object would yield the same result: namely, a 

table which provides information of the entire group structure. Thus, the analysis of a P-

object can reduce to the analysis of a C-object, provided that one ignores the ‘meaning’ of the 

elements of the P-object, that is, that one ignores what the elements do as processes, and 

instead focuses on their relationships as contents.  
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Another important relationship between P-objects and C-objects is that determining 

whether an object is either P or C depends on context. Thus, given two objects 𝑋 and 𝑌 where 

one is a P and the other a C, the assignment of P and C to 𝑋 and 𝑌 depends on a ‘mode of 

interpretation’ of 𝑋 and 𝑌. For example, given two people 𝐴 and 𝐵, let 𝐴 give commands to 𝐵 

and let 𝐵 respond to these commands. According to one perspective, 𝐴 is a P and 𝐵 a C, since 

𝐴’s commands to 𝐵 act on the ‘mind’ of 𝐵, and hence transform the contents of 𝐵’s ‘mind’. But 

in another context, 𝐵 is a P and 𝐴 a C – for example, a context in which the ‘mind’ of 𝐵 

processes the content of the command uttered by 𝐴. Therefore, the assignments of P’s and C’s to 

objects is not absolute; it is a matter of ‘point of view’.  

 Although the abstract differences between P-objects and C-objects are potentially non-

existent, their empirical differences are stark. For, empirically, P-objects are akin to influential 

role models, whereas C-objects are like impressionable teenagers. Without concrete contents, 

processes are futile, for the latter need contents in order to become actuated. Likewise, 

contents require processes in order to become presented dynamically in time.  

 Section 3 provided tools for the analysis of homomorphic contents (C-objects). Since 

homomorphic processes (P-objects) are analyzable in terms of C-objects, this section will focus 

on particular cases of homomorphic P-objects acting on C-objects. My aim in doing this is to 

demonstrate the types of relationships that such P-objects may have with one another, with 

regards to the ways in which they act on C-objects. Some things which at first glance might 

appear counter-intuitive will hopefully end up being obvious. For example, two isomorphic P-

objects, 𝑃M and 𝑃N, acting on the same C-object, 𝐶, may result in two very divergent 

manifestations of 𝐶, regardless of the isomorphism between 𝑃M and 𝑃N. Such examples will be 

demonstrated in the paragraphs that follow. 
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4.02 

Example A. Consider the T¢/I¢ operators in the twelve-tone system. The set 𝑈 of all 

such operators is a group, and within this group are many subgroups, two of which are 

𝐺06/17 = {TÇ, T5, IM, IÈ}	and 𝐺06/39 = {TÇ, T5, I{, IË}. 𝐺06/17 and 𝐺06/39 are isomorphic, 

where the mapping 𝜂 ∶ 𝐺06/17 → 𝐺06/39 is specified as follows: 

𝜂(TÇ) = TÇ 

𝜂(T5) = T5 

𝜂(IM) = I{ 

𝜂(IÈ) = IË 

Observing the Cayley tables in figure 15, we can confirm that 𝐺06/17 and 𝐺06/39 are, indeed, 

isomorphic. Now, if one were to compare 𝐺06/17 and 𝐺06/39 by, e.g., providing each with  

 

the same input and letting each element in the group act on that input, one would find little 

correspondence between the action of 𝐺06/17 and that of 𝐺06/39. For example, let 𝑋 =

(014); the action of 𝐺06/17 and 𝐺06/39 on 𝑋 generates the collections of pitches in figure 16 

below. Notated as sets,  
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𝐺06/17(𝑋) = {0, 1, 3, 4, 6, 7, A}  

and  

𝐺06/39(𝑋) = {0, 1, 2, 3, 4, 5, 6, 7, 8, 9, A, B}.    

 

Note the significant difference in pitches that 𝐺06/17(𝑋) and 𝐺06/39(𝑋) produce. 

𝐺06/39(𝑋) generates the aggregate of 12 pitch-classes, whereas 𝐺06/17(𝑋) produces only 7. 

This initial experiment may suggest that 𝐺06/17 and 𝐺06/39 have little in common, 

regardless of their abstract structural equivalence. However, a deeper investigation into the 

two groups will demonstrate otherwise.  

 To perform this deeper analysis will require me to introduce the group theoretical 

concept of an orbit.  

Definition. The orbit of an element 𝑦 ∈ 𝑌 under the action of a group 𝐺 is the set of 

elements in 𝑌 that 𝐺 sends 𝑦 to. 

To use the group 𝐺06/17 from above as an example, the orbit of 0 under 𝐺06/17 is the set 

{0, 1, 6, 7}, since TÇ(0) = 0, T5(0) = 6, IM(0) = 1, and IÈ(0) = 7. Now, take the orbits of each 

element in ℤMN under the action of 𝐺06/17 and 𝐺06/39, generating tables in figure 17 below. 
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There are a few things to note about these tables. First, notice that the orbits of ℤMN under both 

groups form partitions of ℤMN. For example, the partition of ℤMN under 𝐺06/17 partitions ℤMN 

into the following classes: {{0, 1, 6, 7}, {2, 5, 8, B}, {3, 4, 9, A}}. Similarly, the orbits of ℤMN under 

𝐺06/39 form the following partition: {{0, 3, 6, 9}, {1, 2, 7, 8}, {4, 5, A, B}}.  

Now, let 𝒪ÙÇ5/MÈ  and 𝒪ÙÇ5/{Ë denote the partitions formed by the orbits of ℤMN under 

𝐺06/17 and 𝐺06/39, respectively. One can observe that 𝒪ÙÇ5/{Ë is the TM, T�, TÈ, TÚ, IN, I�, I�, 

and IÛ of 𝒪ÙÇ5/MÈ, and likewise, 𝒪ÙÇ5/MÈ  is the TN, T�, T�, TÛ, IN, I�, I�, and IÛ of 𝒪ÙÇ5/{Ë . 

 

This relationship has some significant properties. For example, if 𝐺06/17 were to operate on 

some set 𝑁 of elements from ℤMN, generating a new set 𝑁′ (with duplicate elements removed), 
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then any of the sets TM(𝑁), T�(𝑁), TÈ(𝑁), TÚ(𝑁), IN(𝑁), I�(𝑁), I�(𝑁), or IÛ(𝑁) under the 

action of 𝐺06/39 will produce a set with a cardinality equal to the cardinality of 𝑁′ (note that 

we are dealing with sets, so duplicate elements are removed). Thus, one can deduce the 

following theorem about the relationship between 𝐺06/17 and 𝐺06/39: 

Theorem: For any subset 𝑆 of ℤMN, and for n = 1, 4, 7, A and m = 2, 5, 8, B, 

|𝐺06/17(𝑆)| = |𝐺06/39(T¢𝑆)| = 	 |𝐺06/39(IÐ𝑆)| 

where 𝐺06/17(𝑆) denotes the set generated by 𝐺06/17’s action on 𝑆.12  

 Furthermore, there exist even more striking similarities between 𝐺06/17 and 𝐺06/39 

than the one above. One such similarity is the following. Let SEQÙÇ5/MÈ(P) be equal to a string 

of pcs, defined as follows: SEQÙÇ5/MÈ(P) =	< TÇP	T5P	IMP	IÈP >. Let SEQÙÇ5/{Ë(Q) denote the 

same operation, but with IM replaced by I{, and IÈ replaced by IË. Then we can derive the 

following theorem:  

Theorem: For any ordered set P of ℤMN, 

SEQÙÇ5/MÈ(P) = T�(SEQÙÇ5/{Ë(TÈP)) 

A similar theorem can also be derived: 

Theorem: For any ordered set Q of ℤMN, 

SEQÙÇ5/{Ë(Q) = TÈ(SEQÙÇ5/MÈ(T�P)) 

To see an example, let P = (023) be an ordered collection of pcs. Then for SEQÙÇ5/MÈ(P) we 

have 

SEQÙÇ5/MÈ(P) =	< TÇP	T5P	IMP	IÈP > 

=	< 0236891BA754 > 

                                                        
12 Proofs for this theorem and the ones that follow will not be provided. 
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and for T�(SEQÙÇ5/{Ë(TÈP)), 

T�(SEQÙÇ5/{Ë(TÈP)) = T� < TÇTÈP–T5TÈP– I{TÈP– IËTÈP > 

=	T� < TÇ(79A)–T5(79A)– I{(79A)– IË(79A) > 

= T� < 79A–134–865–20B > 

=	< 023–689–1BA–754 > 

 The above examples hopefully demonstrate that the isomorphism between 𝐺06/17 

and 𝐺06/39 is more than a mere abstract equivalence. Instead, the two groups display 

similarities when implemented concretely, even if their relationships are complex. In the 

following examples, we will see that the structural equivalences between processes do not 

necessarily transfer to concrete similarities between the objects resulting from their action.  

 Example B. The example here will make use of a finite automaton (FA). An FA is a 5-tuple 

(𝐴, 𝑆, 𝑌, 𝑠Ç, 𝐹) consisting of 

(1) A finite set (alphabet) 𝐴 of inputs. 

(2) A finite set 𝑆 of (internal) states. 

(3) A subset 𝑌 of 𝑆 (called accepting or ‘yes’ states). 

(4) An initial state 𝑠Ç in 𝑆. 

(5) A next-state function 𝐹 from 𝑆 × 𝐴 into 𝑆.13 

To see an example, consider an FA defined as follows:  

(1) 𝐴 = {𝑎, 𝑏} 

(2) 𝑆 = {𝑠Ç, 𝑠M, 𝑠N} 

(3) 𝑌 = {𝑠Ç, 𝑠M} 

(4) 𝑠Ç = initial state 

                                                        
13 This definition is taken from Lipschutz and Lipson, Discrete Mathematics, 306. 
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(5) Next-state function, 𝐹 ∶ 𝑆 × 𝐴 → 𝑆, as defined by table below 

 

It is easy to visualize this FA by means of its ‘state diagram’ (figure 19). Of primary significance 

for this example is that an FA consists of a set 𝑆 of states and an alphabet 𝐴 which determines 

transitions between those states. Thus, 𝑆 constitutes a C-object, whereas 𝐴 constitutes a P-

object.14 For example, the sequence 𝑎𝑏𝑎𝑎𝑏 is a process acting on 𝑆 which produces the string of 

contents 𝑠Ç𝑠Ç𝑠M𝑠Ç𝑠Ç𝑠M. Strings of input symbols, such as 𝑎𝑏𝑎𝑎𝑏, will be called words.  

 

Special cases of finite automata are those which are non-deterministic. The difference 

between a deterministic FA (DFA) and a non-deterministic FA (NFA) is that, for an NFA, the 

next-state function is not necessarily deterministic. For example, for a DFA, if 𝐹¬(𝑠Ç) is the 

next-state function, where 𝑎 is the input to 𝑠Ç, then there is only one possible next state. On 

the contrary, for an NFA, if 𝐺¬(𝑡Ç) is the next-state function, then 𝐺¬(𝑡Ç) may have multiple 

different possible next states, and if so, the particular state will be decided by chance. In the 

                                                        
14 As noted above, whether or not 𝑆 constitutes a C-object and 𝐴 constitutes a P-object depends on the point of view.  
For example, from the ‘perspective’ of the automaton, 𝐴 is a C-object consisting of ‘inert’ input, whereas 𝑆 – the 
automaton’s internal states – processes strings of 𝐴, and thus can be viewed as a P-object. This demonstrates that 
which object is a P-object and which a C-object is contingent upon the context. 
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following example, an NFA will be used to demonstrate how an isomorphic process may 

produce disparate contents.  

 Let 𝑀 = (𝐴, 𝑆, 𝑌, 𝑠Ç, 𝐹) be an NFA, where 

(1) 𝐴 = {𝑎, 𝑏} 

(2) 𝑆 = {𝑠Ç, 𝑠M, 𝑠N, 𝑠{, 𝑠�, 𝑠�} 

(3) 𝑌 = {𝑠Ç, 𝑠M, 𝑠N, 𝑠{, 𝑠�, 𝑠�} 

(4) 𝑠Ç, start state 

(5) 𝐹 ∶ 𝑆 × 𝐴 → 𝑆 is defined by table below 

 

𝑀 can be visualized with the state diagram in figure 21. Now, let 𝑀� = 𝑀 be another NFA.  
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Obviously, 𝑀 and 𝑀′ are isomorphic, since they are equal. 

Observe how 𝑀 and 𝑀� act when receiving different words from their alphabets. If 𝑀 

and 𝑀� were to each receive the word 𝑏𝑎𝑎𝑏𝑎, for example, then both would produce the same 

series of states; namely, 𝑠Ç𝑠N𝑠N𝑠N𝑠M𝑠N. Similarly, both 𝑀 and 𝑀′ would produce the same 

series of states when receiving words of the form 𝑏𝑛, where 𝑛 is any string of symbols from the 

input alphabet 𝐴.   

However, observe the series of states encoded by 𝑀 and 𝑀′ when each receives the 

word 𝑎𝑎𝑎𝑏𝑎. What series of states does this produce? The answer is ‘many’, since the first 

symbol of 𝑎𝑎𝑎𝑏𝑎 is 𝑎, and, starting from 𝑠Ç, 𝑎 can either cause a transition to 𝑠M or 𝑠{. If the 

transition for both 𝑀 and 𝑀′ was from 𝑠Ç to 𝑠M, then 𝑎𝑎𝑎𝑏𝑎 would produce the same series of 

states for both. However, even if the transition for both 𝑀 and 𝑀′ was from 𝑠Ç to 𝑠{, then this 

condition would not be enough to ensure that 𝑀 and 𝑀′ produce the same series of states, 

since the transitions out of 𝑠{ are non-deterministic. Note, also, what would happen for a word 

𝑎𝑛, in which 𝑛 is any string of symbols from 𝐴. If 𝑎 transitions to 𝑠M, then this would produce a 

series of states (starting with 𝑠Ç) consisting of 𝑠M and 𝑠N. On the contrary, if 𝑎 transitions to 𝑠{, 

then the series of states produced would consist of 𝑠{, 𝑠�, and 𝑠�. Thus, the same word could 

produce two sequences with no states other than the starting state in common.  

 In the opposite case, two different words can produce the same series of states. For 

example, the words 𝑎𝑏𝑏𝑏𝑎𝑏 and 𝑎𝑎𝑎𝑏𝑏𝑏 can both produce the sequence 𝑠Ç𝑠{𝑠{𝑠{𝑠�𝑠�𝑠�. 

Thus, the processes of NFA’s occupy two poles: at one pole, an invariant image (a word) cloaks 

internal variation (series of states); at the other pole, multifarious images cloak internal stasis.   

 A last observation with regards to example B is the difference in complexity of certain 

input words. As stated above, any word of the form 𝑏𝑛 encodes a completely predictable series 
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of states. On the other hand, the series of states produced by words of the form 𝑎𝑛 are 

unpredictable. This difference indicates an asymmetry in the amount of information 

contained in words of 𝐴, an asymmetry which grows exponentially as the length of 𝑛 increases 

in 𝑎𝑛 and 𝑏𝑛. These informational asymmetries show how an NFA can consist of processes 

which are both uniform and chaotic: uniform when a sequence of processes (a word in 𝐴) 

produces a deterministic series of states, and chaotic when a sequence of processes produces a 

large quantity of unique series of states. This suggests that comparison between the processes 

of isomorphic NFA’s ranges from simple to complicated, and therefore that isomorphic NFA’s 

can produce either similar or divergent concrete results.  

 Example C. This last example, like the first, is a comparison between two groups. As we 

will see, these groups are isomorphic as C-objects but not as P-objects.  

 Let 𝑇 = {TÇ, TM, TN} be a group under the binary operation ‘∗’ defined as  

T¢ ∗ TÐ = T(¢ÞÐ)	ÐÏß–{, 

and let 𝐷 = {DÇ, DM, DN} be defined similarly, so that 

D¢ ∗ DÐ = D(¢ÞÐ)	ÐÏß–{. 

It is clear that 𝑇 and 𝐷 are isomorphic, since the only apparent difference between the two is 

the names of their elements.  

 Next, let 𝑀 = {0, 1, 2} be the set of integers modulo-3 and let 𝑃 = {0, 1, 2} be an 

alphabet of symbols, where ℒ(𝑃) denotes the set of all possible combinations of symbols (i.e., 

words) from 𝑃. Define 𝜑 ∶ 𝑇 × 𝑀 → 𝑀 as a group action, where an element	T¢ ∈ 𝑇 acts on 𝑀 

as follows: 

𝜑(T¢,𝑀) = T¢(𝑀) 

= {0 + n, 1 + n, 2 + n}	mod-3. 
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𝑇 may be familiar as the group of transposition operators acting on the set 𝑀.  

In contrast, define 𝜏 ∶ 𝐷 × 𝑤¬ ∈ ℒ(𝑃) → 𝑤ã ∈ ℒ(𝑃) as what will be called a D-action 

(or ‘duplication action’), where an element D¢ acts on a word 𝑤¬ ∈ ℒ(𝑃) as follows:  

𝜏(D¢, 𝑤¬) = D¢(𝑤¬) 

= D¢(𝑠M𝑠N …𝑠�) 

= 𝑠M¢ÞM𝑠N¢ÞM … 𝑠�¢ÞM. 

What D¢’s action on a word does is ‘runs through’ each symbol in that word and duplicates it 

n times. For example,  

DM(021) = 0N2N1N 

= 	002211. 

A significant difference between the action of 𝑇 and that of 𝐷 is that 𝐷’s is not a group action, 

since D¢(DÐ(𝑤)) is not always equal to (D¢ ∗ DÐ)(𝑤). For example, for DM and DN, and 𝑤 =

012, 

DM�DN(012)� = DM(000111222) 

 = 000000111111222222, 

whereas 

(DM ∗ DN)(012) = DÇ(012) 

= 012. 

On the other hand, since 𝑇’s action is a group action, T¢�TÐ(𝑋)� = (T¢ ∗ TÐ)(𝑋) for all n, m 

and 𝑋.   

 The contrast between 𝑇’s action and 𝐷’s action is stark, since 𝑇 permutes elements of a 

set, whereas 𝐷 densifies words by duplicating their symbols. Furthermore, since 𝑇 merely 

permutes elements, and there are three elements in 𝑇, 𝑇’s action on a set produces three 
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versions of that set and no more. On the contrary, the action of 𝐷 on a word can produce 

infinite different words, since iteratively acting on a word with D¢ operators will perpetually 

produce new words (provided that D¢ ≠ DÇ). 

 As a final observation on the comparison between 𝑇 and 𝐷, consider the following. Let 

𝛼 ∶ 𝑇 → 𝐷 be an isomorphism, and 𝑇æ = T¹T� …Tç be a sequence of operators from 𝑇. Com-

posing 𝑇æ from right to left would produce a certain output Tè ∈ 𝑇. Under the mapping 𝛼, 𝑇æ 

would be mirrored in 𝐷, such that 𝛼(𝑇æ) = 𝐷æ = D¹D� …Dç. Like 𝑇æ, the output of the right-

left composition of 𝐷æ would be Dè = 𝛼(𝑇è) ∈ 𝐷.  

 Next, recall that 𝑀 = {0, 1, 2} is the set of integers modulo-3, and 𝑃 = {0, 1, 2} is an 

alphabet of symbols. Let 𝑀é = (MêMë…Mì) be an ordered string of elements in 𝑀, and the 

mapping 𝛽 ∶ 𝑀 → 𝑃 be defined as follows: 

𝛽(0) = 0 

𝛽(1) = 1 

𝛽(2) = 2 

Clearly, 𝑀 and its image under 𝛽 would ‘look the same’, since their only difference is 

semantic. So, 𝛽(𝑀é) = 𝑃é would be a sequence of symbols indistinguishable from 𝑀é. 

 Now, although 𝑇æ ‘behaves’ like 𝐷æ, and 𝑀é ‘appears’ like 𝑃é, the result of 𝑇æ(𝑀é) may 

be radically different than that of 𝐷æ(𝑃é). Therefore, although 𝑇 and 𝐷 are similar when 

compared directly, as are 𝑀 and 𝑃, the result of 𝑇’s interaction with 𝑀 is much different than 

that of 𝐷’s interaction with 𝑃. Such a difference implies that the interaction of process with 

content implicates a unique structure of its own – what could be called ‘emergent structure’. 

 This last section demonstrates the potential complexity of comparing homomorphic 

processes. Although each example in this section is a comparison between two isomorphic 
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objects, it is demonstrated that such abstract equivalence at the level of process does not 

necessarily translate to concrete similarity at the level of content. However, this lack of 

translation from ‘higher-order isomorphism’ to ‘lower-level disparity’ is not necessarily a 

negative, and could even return interesting results upon experimentation.  

 

5. Conclusion  

This paper discussed the mathematical notions of structure and homomorphism, and 

the diverse range of applications they have to music composition and analysis. In the first 

section, Domain of Structuration, I demonstrated that structure is not merely given, but applied 

to a selected set of objects. Due to the variegated possibilities of applying structure to a set of 

elements, one has quite a bit of freedom when constructing structures. Thus, rather than 

being stuck within the confines of a pre-determined musical structure, one is, under certain 

restrictions, free to choose, construct, and mutate musical structures of her choosing, opening 

up a world of hitherto unexplored musical and artistic potentialities. The first section also 

showed that one can proceed indefinitely in both directions: (a) in the direction of 

structuration, by iteratively applying structure to structure, and (b) in the direction of de-

structuration, by fragmenting wholes into parts. This ability to proceed maximally in opposite 

directions implies the possibility of constructing radically unprecedented musical and artistic 

systems. 

 Following the first section, the second section, Homomorphic Contents, discussed the 

conditions for, and implications of, homomorphism between objects. We saw that a 

homomorphism is contingent upon the types of objects being compared; e.g., the conditions 

for a group homomorphism are not the same as those for a ring homomorphism. An 

implication that follows is that sometimes a homomorphism between objects is possible, so 
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long as certain properties of those objects are ‘forgotten’ or filtered out. Another case that was 

demonstrated was having a higher order structure be imposed on two non-homomorphic 

objects, such that they are homomorphic only at that higher level. After the discussion of the 

conditions for homomorphism, the following subsections investigated some of the 

implications of homomorphism, including informational relationships between 

homomorphic objects and their degrees of diversity. In the last subsection, I showed that two 

objects can be homomorphic at some levels but not others. An implication of this is that it is 

not necessarily enough to ask whether or not two objects are homomorphic; instead, they may 

harbor ‘hidden’ homomorphisms when comparing their different levels of structure.  

 Finally, the third section, Homomorphic Processes, examined the special case of 

homomorphism as applied to contents that can also be interpreted as processes. Such objects, 

the elements of which are processes, were termed P-objects, and they are distinguished from 

C-objects by virtue of being able to act on objects. Although with regards to homomorphism P-

objects are analyzable as C-objects, insofar as the former are presented via their action on the 

latter, their homomorphism at the level of structure does not necessarily carry over to 

similarity at the level of their actions. Thus, for example, two isomorphic P-objects may 

produce highly disparate results when applied to C-objects, despite the structural equivalence 

of the former.  

 To conclude, the ideas in this paper will hopefully be useful for composers, artists, and 

theorists who are interested in a formal approach to the investigation of structure. Rather than 

imposing strictures on thought and possibility, the formalization of structure and 

homeomorph-ism can unleash latent possibilities that are shrouded by convention. One of the 

most striking features of homomorphism in music is that higher-order homomorphisms can 

translate to lower-level structures which are highly similar, dissimilar, or anything in between. 
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Many of the details with regard to this ‘translation’ have been glossed over in this paper in 

order to deal with other topics of concern; however, there remains much research left to be 

done in this area of musical thought, and I hope that the preceding discussions may inspire 

further inquiry in the direction of the relationships between higher-order and lower-order 

musical objects.  
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